Introduction
We previously proposed a technique for both determining the location of source signals and separating them by blind source separation [1] . Moreover, by extending this technique, we showed the separation and specification of the location of signals in the case of a source signal embedded in another signal, such as noise in the time-frequency domain [2, 3] . However, in that method [1] [2] [3] , the reflected sounds of the source signal could not be considered.
In this paper, for a signal embedding a source signal and its reflected sound in the time-frequency domain, we describe a method for the separation and specification of these two signals. Our method is validated through a numerical test.
Formulation

Assumptions
In this paper, we assume that two signals exist. Let s 1 ðtÞ and s 2 ðtÞ be the signal data and s 1 be embedded in s 2 in the time-frequency domain. We assume that these data are point sound sources that emanate from different locations. In addition, we assume that the number of observation points is MðM ! 4Þ; x k ðtÞ ð1 k MÞ refers to the observation data. In general, M ¼ 4 is sufficiently large. In this study, there is one wall and the reflected sound of s 1 is considered. s 2 originates from the wall and s 1 originates at another point away from the wall. Therefore, two signals exist from s 1 to the observation points: the direct signal and the signal reflected by the wall. Moreover, to obtain signal data, we assume the following relations hold:
ð1Þ Here, a kjh represents the real-valued damping coefficient and c kjh represents the real-valued time lag between x k ðtÞ and s 1 ðtÞ, s 2 ðtÞ ð1 k M; j ¼ 1; 2; h ¼ 1; 2Þ. In Eq. (1), the first term on the right side expresses the direct signal of s 1 . In this paper, a term including s 1 expressing a reflected sound is newly added as the second term. The third term expresses a direct signal of s 2 . The only known data are the observation signal data x k ðtÞ, the location of x k ð1 k MÞ and the number of signals ð j ¼ 1; 2Þ; s j ðtÞ, a kjh , c kjh , and the locations of s j ðtÞ ð j ¼ 1; 2Þ are all unknown data.
We specify s j ðtÞ, a kjh , and c kjh only using x k ðtÞ.
Time-frequency information
Let X k ðt; !Þ be the time-frequency information for observation data x k ðtÞ, in the form of a complex-valued function. In this paper, the continuous wavelet transform, for which the integral kernel consists of a complex mother wavelet, which, in turn, consists of a Meyer wavelet (the real part) and the Hilbert transform of the Meyer wavelet (the imaginary part), is adopted to obtain X k ðt; !Þ [4, 5] . Thus, Eq. (1) is transformed into the following equation by the continuous wavelet transform.
Here, S j ðt; !Þ is the time-frequency information for s j ðtÞ. We define the set of time-frequency domains as H k1h ¼ fðt; !Þ : S 1 ðt À c k1h ; !Þ 6 ¼ 0g ðh ¼ 1; 2Þ, H k21 ¼ fðt; !Þ: S 2 ðt À c k21 ; !Þ 6 ¼ 0g. In this paper, because we assume that s 1 is embedded in s 2 in the time-frequency domain, the following relationships hold:
LetẼ k be a set of time shifts of E k to Àc kjh . In addition, let G be the set defined by
which has a measure in the same range as E k .
Calculation of damping ratio and time lag of s 2
For arbitrary values of k; l ð1 k; l M; k 6 ¼ lÞ, the complex-valued quotient function Qðt k ; t l ; !Þ is introduced and defined as Qðt k ; t l ; !Þ ¼ X k ðt k ; !Þ=X l ðt l ; !Þ. Because X k ðt k ; !Þ and X l ðt l ; !Þ are complex-valued functions, Q is generally a complex-valued function. However, if
Thus, Q takes at least all the real values in the set G. By keeping ! fixed and varying only t k and t l in the timefrequency domain, we can obtain the damping coefficient ratio a k21 =a l21 , which is a real, constant value. Q may take other real values outside the domain G; however, in such cases, the existence of a corresponding measurable region is very rare.
Specification of location of s 2
When Eq. (4) holds, t l À t k ¼ c l21 À c k21 . The right side of this equation is the relative time lag between s 2 to x k and x l . When we multiply the speed of sound by this time lag, the relative distance from s 2 to x k and x l is obtained. Generally, in a two-dimensional plane, the possible locations of s 2 form a hyperbolic curve. Thus, the points of intersection become the positions of s 2 when we consider a pair of observation points and draw several hyperbolic curves. When the location of s 2 has been decided, the distances to the observation points become clear, and c k21 is obtained.
Calculation of damping ratio and time lag of s 1
In Eq. (1), for arbitrary values of k; l ð1 k; l M; k 6 ¼ lÞ, the next equation holds:
where
We multiply a k21 by the statement in Eq. (6) and define y 1 ðtÞ as
where a la ¼ a l11 Á a k21 =a l21 , a ka ¼ Àa k11 , a lb ¼ a l12 Á a k21 =a l21 and a kb ¼ Àa k12 . Let l be fixed for an arbitrary value of m ð1 m M; m 6 ¼ l; m 6 ¼ kÞ; we define y 2 ðtÞ in the same manner as y 1 ðtÞ:
where ¼ ða m21 =a l21 Þ=ða k21 =a l21 Þ, a ma ¼ Àa m11 , a mb ¼ Àa m12 and c ma ¼ c m11 À c m21 , c mb ¼ c m12 À c m21 . In Eqs. (7) and (8), y 1 ðtÞ, y 2 ðtÞ and are known. Equations (7) and (8) are transformed into the Fourier domain, then the following equations hold:
Here, the symbol^represents the Fourier domain. If we eliminateŝ 1 ð!Þ from Eqs. (9) and (10) and normalize the equations using a la e Ài!c la , we can obtain the following equation:
5Þ represent the real-valued damping coefficient ratios and satisfy the following relationship:
Furthermore,d j ð j ¼ 1; Á Á Á ; 5Þ represent the discretized number of steps. In Eq. (11),ẑð!Þ is known, whereas b j and d j are unknown.
Next, we discretize Eq. (11). Let N be the total number of discretized steps and Át and Á! be the intervals of time and frequency, respectively; these indicate that t ¼ r Á Átðr ¼ 0; 1; 2; Á Á Á ; NÞ;
Á!Þ and y u2 ¼ ŷ 2 ðu Á Á!Þ, and let p nj be the value that is substituted into u ¼ N=2 n ðn ¼ 1; Á Á Á ; 5Þ for the exponential part expðÀiuð2%=NÞd j Þð j ¼ 1; Á Á Á ; 5Þ. Then, the following equation holds:
: Then, we introduce the matrix representation
T . Here, the entries of matrix P are q nj ¼ y N=2 n Ám p nj ðm ¼ 2ð j ¼ 1; 4Þ; m ¼ 1ð j ¼ 2; 5ÞÞ and q nj ¼ ðy N=2 n Á1 À y N=2 n Á2 Þp nj ð j ¼ 3Þ. z is known. Two candidates are considered as entries of P on the basis of the relations given by the argument, although their values are known. We substitute each candidate in to Eq. (14) and calculate b j such that it satisfies the condition of a real value and Eq. (12).
Then, for p nj ðn ! 6; j ¼ 1; Á Á Á ; 5Þ, Eq. (13) is considered to have 2 5 possible candidates when n ¼ N=2 6 . We substitute each candidate into Eq. (13) and calculate a combination that satisfies Eq. (13). In this way, modðd j ; 2 6 Þ is obtained. We apply the above-mentioned calculation in the same way for In this paper, we calculate the values ofs 1 ðtÞ ands 2 ðtÞ instead of s 1 ðtÞ and s 2 ðtÞ, respectively. We substitute Eq. (15) for Eq. (1) and perform a Fourier transform. 3. Numerical test 3.1. Setting Figure 1 and Table 1 describe the locations of the two signal sources and the observation points for M ¼ 4. We derive signal data from a collection of sounds recorded in digital video disc (DVD) format [6] . Assumptions in this method are shown in Table 2 . The sampling frequency is 44,100 Hz, and the total duration is approximately 2.97 s. We assumed that the damping coefficients are proportional to the reciprocal of the propagation distance and set them as such. We then collected observation data for the signal data. Here, the speed of sound is considered to be 340 m/s. Figures 2 and  3 show signal data in the time domain and the time-frequency domain, respectively. From Fig. 3 , s 2 is found to have values in a wide time-frequency band, and we see that s 2 includes s 1 . In the following discussion, the observed signal data x k ðtÞ, the locations of x k ð1 k MÞ and the number of signals ð j ¼ 1; 2Þ are the only known data. In this case, we can specify the locations of signal sources and separate these signals. Table 3 lists the results of calculations of the damping coefficient ratios, time lags and the specification of the location of s 2 . Compared with the set point, the location error is approximately 14.4 mm. In addition, when we find time lags, discretization errors may occur. In this numerical test, we normalize c 121 and calculate c k21 . Errors in the time lags are 2 steps. 3.3. Results for s 1 Table 4 lists the results of calculations of damping coefficient ratios, time lags and the specification of location of s 1 . Compared with the set point, the location error is approximately 2.72 mm. 3.4. Results of separation for s 1 and s 2 We separate s 1 and s 2 using their respective damping coefficient ratios and time lags that were obtained. To compare the separation signals and the original signals, we calculate errors using the following equation. 
Results for s 2
Here
. Therefore, we can confirm that the errors are very small.
Conclusion
In this paper, we described a method for the separation and specification of a source signal that includes a reflected signal and another signal. Moreover, our numerical tests showed that results were highly accurate.
Future topics include the examination of multiple reflections and the establishment of experimental techniques that use real-world observation data. 
